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$S= \{^{f(}Z)=z+\sum_{n=2}a_{n}zn|$ analytic and univalent in $D|$ . (1.1)
[1] [2] , uniformly convex functions $S$
$UCV$ ,
$UCV= \{f(z)\in S|Re\{1+(z-\zeta)\frac{f’’(Z)}{f’(Z)}\}\geqq 0$ in $D\cross D\}$ . (1.2)
$UCV$ ,
$Re \{1+\frac{zf’’(Z)}{f(z)},\}\geqq|\frac{zf’’(Z)}{f(z)},|.\mathrm{n}$ D. (13)
$UCV$ $D$ ( , $D$
) convex arc .
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order $\alpha(0\leqq\alpha<1)$ uniformly convex functions of order $\alpha$
,
$UCV_{\alpha}= \{f(z)\in S|Re\{1+(z-\zeta)\frac{f^{\prime/}(z)}{f’(z)}\}\geqq\alpha$ in $D\cross D\}$ . (1.4)
$[2,\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}1]$ , ,
$Re \{1+\frac{zf’’(Z)}{(1-\alpha)f(z)},\}\geqq|\frac{zf’/(Z)}{(1-\alpha)f(z)},|$ in D. (1.5)
, order $\alpha(0\leqq\alpha<1)$ starlike functions convex functions ,
$S_{\alpha}^{*}= \{f(z)\in S|Re\frac{zf’(z)}{f(z)}\geqq\alpha$ in $D\}$ , (1.6)
$C_{\alpha}=\{f(z)\in S|,Re\{1$
.
$+ \frac{zf’’(Z)}{f(z)},\}\geqq\alpha$ in $D\}$ , (1.7)
.
Theorem 1 Theorem 2 $S$ radius problem ,
Theorem 3 $UCV$ $C_{\alpha}$
. , F. $\mathrm{R}\emptyset \mathrm{n}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}$ uniformly starlike functions $UST$ $S_{\alpha}^{*}$
,
“Find the largest $\alpha\geqq 0$ such that $UST\subset S_{\alpha}^{*}$ ” [3]
one variable characterization (1.3) convex
case F. $\mathrm{R}\emptyset \mathrm{n}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}$
“Find the largest $\alpha\geqq 0$ such that $UCV\subset C_{\alpha}$ )’
, “ $\alpha=\frac{1}{2}$ ” . $UST$
$UST= \{f(z)\in S|Re\frac{f(z)-f(\zeta)}{(z-\zeta)f(z)},\geqq 0$ in $D\cross D\}$
, $z$ $\zeta$ . $D$ ( , $\zeta$
$D$ ) $f(\zeta)$ curve
. $UST\subset S_{0}^{*}$ , F. $\mathrm{R}\emptyset \mathrm{n}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}$ $UST\not\subset S_{1/2}^{*}$ .
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Theorem 1. The radius of uniform convexity of order a $(0\leqq\alpha<1)$ in $S$ is
$\underline{4-\sqrt{13+2\alpha+\alpha^{2}}}$ .
$3+\alpha$
, $\frac{4-\sqrt{13+2\alpha+\alpha^{2}}}{3+\alpha}$ , $f(z)$ in $S$ $r\leqq R$ $r$ $\frac{1}{r}f(rz)$
$UCV_{\alpha}$ , $R$ .
Theorem 2. For $f(z)$ in $S$ , we have the following sharp inequality.
$Re \frac{zf’(z)}{f(z)}\geqq$
The value of $x_{0}$ is defined by the equation,
$\log\frac{1+|z|}{1-|z|}=\frac{x_{0}}{\sin x_{0}}$ $(0<x_{0} \leqq\frac{\pi}{2})$ .
Corollary. The radius of starlikeness of order $\alpha$ $(0\leqq\alpha<1)$ in $S$ is the unique







if $0\leqq r\leqq\underline{e-1}$$e+1$ ’
if $\frac{e-1}{e+1}<r\leqq\tanh\frac{\pi}{4}$ .
The value of $x_{0}$ is defined by the equation,
$\log\frac{1+r}{1-r}=\frac{x_{0}}{\sin x_{0}}$ $(0<x_{0} \leqq\frac{\pi}{2})$ .
Theorem 3. $UCV\subset C_{\alpha}$ if and only if $\alpha\leqq\frac{1}{2}$ .
2. THEOREM 1
[3, Theorem 4] , sharp estimate
$|. \frac{zf’’(Z)}{f(z)},-\frac{2r^{2}}{1-r^{2}}|\leqq\frac{4r}{1-r^{2}}$ (2.1)




$|w- \frac{2r^{2}}{(1-\alpha)(1-r^{2})}|\leqq\frac{4r}{(1-\alpha)(1-r^{2})}$ , (2.3)
. , disk (2.3) (2.2) . disk (2.3)
$\frac{2r(r-2)}{(1-\alpha)(1-r^{2})}\leqq u\leqq\frac{2r(r+2)}{(1-\alpha)(1-r^{2})}$. (24)
, (2.2) $(u, v)=(- \frac{1}{2},0)$ , ,
$- \frac{1}{2}\leqq\frac{2r(r-2)}{(1-\alpha)(1-r^{2})}$ .
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;$r \leqq\frac{4-\sqrt{13+2\alpha+\alpha 2}}{3+\alpha}$ . (2.5)
, (2.5) . (2.3) , boundary ,
$v^{2}=( \frac{4r}{(1-\alpha)(1-r^{2})})^{2}-(u-\frac{2r^{2}}{(1-\alpha)(1-r^{2})})^{2}$ (2.6)




. (2.6) $\xi(2.7)$ ,
$(u- \frac{(3-\alpha)r^{2}-(1-\alpha)}{(1-\alpha)(1-r^{2})})^{2}-\frac{4r^{2}((1-\alpha)r^{2}+(3+\alpha))}{(1-\alpha)^{2}(1-r^{2})^{2}}.\geqq 0$ . (2.8)





$r \leqq\frac{-2+\sqrt{5-2\alpha+\alpha^{2}}}{1-\alpha}$ , (2.10)
, ,.
$\frac{4-\sqrt{13+2\alpha+\alpha 2}}{3+\alpha}<\frac{-2+\sqrt{5-2\alpha+\alpha^{2}}}{1-\alpha}$ (2.11)
( $0\leqq\alpha<1$ ) , (2.9) (2.5) .








$\frac{zf’(z)}{f(z)}(f\in S, |z|=r<1)$ range F. $\mathrm{R}\emptyset \mathrm{n}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}’ \mathrm{s}$ parametriza-
tion ,
$W_{r}( \theta)=(\frac{1+r}{1-r})^{\cos\theta}(\cos(\sin\theta\log\frac{1+r}{1-r})+i\sin(\sin\theta\log\frac{1+r}{1-r}))$ , (3.1)
$0\leqq\theta<2\pi$ $[2]$ . real part ,
$ReW_{r}( \theta)=(\frac{1+r}{1-r})^{\mathrm{c}\circ\epsilon\theta}\cos(\sin\theta\log\frac{1+r}{1-r})$ . (3.2)
(3.2) $\theta$ non-negative ,





, $r< \tanh\frac{\pi}{4}$ , (3.2) logarithm ,





















(I) $R\leqq 1$ ,




$Re \frac{zf^{J}(z)}{f(z)}\geqq\frac{1-|z|}{1+|z|}$ for $|z| \leqq\frac{e-1}{e+1}$ .
(If) $1<R< \frac{\pi}{2}$
$R= \frac{x_{0}}{\sin x_{0}}$ ,
unique $x_{0}$ $(0< x_{0}<R)$ , ,






for $\frac{e-1}{e+1}<|z|<\tanh\frac{\pi}{4}$ , , $x_{0}(0<x0< \frac{\pi}{2})$ ,
$\log\frac{1+|z|}{1-|z|}=\frac{x_{0}}{\sin x_{0}’}$
unique , . , $r= \tanh\frac{\pi}{4}$ , $R= \frac{\pi}{2}$ , (3.2)
$ReW_{\mathrm{t}\overline{\mathrm{a}}\mathrm{n}\mathrm{h}_{\alpha}}\iota(\theta)=e$
cos $\theta\cos(\frac{\pi}{2}\sin\theta)\geqq 0$ ,
,
$Re \frac{zf’(z)}{f(z)}\geqq 0-$ if $|z|= \tanh\frac{\pi}{4}$ ,
, case (I) . Theorem 2 .
, F( ) Theorem 2 , $0$ $\tanh\frac{\pi}{4}$
, 1 $0$ . order $\alpha(0\leqq\alpha<1)$ ,
unique $r_{0}(0<r_{0} \leqq\tanh\frac{\pi}{4})$ $F(r_{0})=\alpha$ , $r_{0}$ radius of
starlikeness of order $\alpha$ . ,
$r_{0}= \frac{1}{3}$ if $\alpha=\frac{1}{2}$ , $r_{0}= \frac{e-1}{e+1}$ if $\alpha=\frac{1}{e}.$ ’
$r_{0}= \tanh\frac{\sqrt{2}\pi}{8}$ if $\alpha=\frac{1}{\sqrt{2}e^{\mathrm{z}}4}$ $r_{0}= \tanh\frac{\pi}{4}$ if $\alpha=0$ ,
.
4. THEOREM 3
$w=u+iv= \frac{zf^{J/}(Z)}{f(z)}$, , $UCV$ (1.3) $C_{\alpha}$ (1.7)
$1+2u\geqq v^{2}$ (4.1)
$u\geqq\alpha-1$ , (4.2)
. , (4.1) half-plane (4.2)
$\alpha\leqq\frac{1}{2}$ .
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, (2.1) sharpness, Koebe ,
.
REFERENCES
1. A. W. Goodnan, On uniformly starlike functions, J. Math. Anal. Appl. 155 (1991), 364-370.
2. F. $\mathrm{R}\emptyset \mathrm{n}\mathrm{I}\dot{\mathrm{u}}\mathrm{n}\mathrm{g}$ , Uniformly convex functions and a corresponding class of starlike functions, Proc.
Amer. Math. Soc. 118 (1993), 189-196.
3. –, Some radius results for univalent functions, J. Math. Anal. Appl 194 (1995), 319-
327.
193 1220-2
$E$-mail address: kona@tokyo-ct.ac.jp
55
